
 Quotientgroups

let G be a group We've already discussed one way to create
smaller groups from G which is by looking at subgroups

Another way isby looking at quotient groups

Idealmotivation
mmmm

let 4 G It be a homomorphism

Ref If heH the fiber off over h is the set

goGI4cg h E G

i e the set of elements of G that map to h

Note The union of the fibers is all of G since for gc G g is in
the fiber over 4cg and all the fibers are pairwisedisjoint
i e no two fibers intersect sinceeveryelement only lies in one fiber

That is the fibers of 4 forma partition of G
theimageof46

So for eachheimy denote the fiber over h by Xu Then

we have a natural operation on thefibers given by

XaXb Kab



This is a group w identity 1 and Xa Xai and it is

naturally isomorphic to the image of4

This is a quotientgreup of G we will see a formal definition

soon

Ex let f 12 1297 be defined f aib a i e projection onto

the first coordinate

X Xo X Xa
Then Xa a b I bet

n L
Go so

co sac
0 Note if Ca b cXa Ca b cXa
Then a b a b Cata b b cXata XaXa

That is we can first add representatives whose fiber is the product
of the first twofibers

Ex let h 22 and 2n the cyclic group of order h genby X

Define 4 Z Zn by a Xa checkthat 4 is a homomorphism

Then the fiber over Xk is ae 7 sit a butk be7
i e Xp a c171 a k modu

Thus the quotientgroup here is Mh17



Before we continue let's take a detour to review homomorphisms

Let 4 G H be a homomorphism

Bas properties of 4
Recall the kernel of 4 is

her4 gc 6 441 1

and the image of 4 is
im4 4cg gaG

From the homework kery EG and im4EH

4 l since 4 l 4 I I Y 1 4 i so 441must9
identity Identity be the identity

If g e G 4cg 4 g t

4 g 4cg Y gg1 4117 1 so 4cg7 445

If gcG 4cg 4cg for he17

This follows byinduction for h l
h 1 is clear Assumetruefor h l

Then 4 gh 4cg g 4cg 9cg 4g 4 g 4cg

By the previousproperty it holdsfor negative h as well



Nowwe return to quotientgroups

DIE Let 4 G It be a homomorphism with kernel K
The quotientyroup isthegroup whose elements are thefibers
of 4 over its image If Xa is the fiberabove a Xb the
fiber above b then XaXb Xab the fiber above ab

Note Why is the kernel k relevant here K is thefiber over
1 so it is theidentity in 4k In fact we'll see that all
other dts of 61K are translates of K
e g in Mhz Thekernel was h7 and theother fibers are of
the form at H2

More precisely

Them let 4 G It be a homomorphism w kernel K let
X c be the fiber above a i e 11 4 a goG14cg a
Then for any ueX X ukfleek KulkaK
Note that this means for any other Ulex Euklkek n'k kGK

PI If x cX then 4 x a 4 u
l

1 4 u 4 x 4 u x

so u x k and x u u x so xe ukkeK
9inKK

conversely if Xe uhIkeK Then x uh some trek



so 4 x Y uk 4414 k a l a so xeX

Thus X uk ktK Similar reasoning shows that it's also

equal to kaIkek D

we can define sets of the form uhIkeK for any
subgroup KEG not just kernels of homomorphisms

Def Let NEG g e G Define

GN gnthen and Ng ngthen

called respectively a leftcoset and a rightcoset of
N in G Any element of a coset is a representative
for the coset

If G is an additive group we'llwrite gtN andNtg for left
and right cosets

Ex 1 For HR ER the coset are out.gr
2 lthR lhDth7

2 For r E Dr the coset Sfr s Sr Sr sr3

Sr r sr sr Sr s s r

In fact we'll see that if hegN then HN gN ie any
representative gives the same coset



We've seen that elements of a quotient group ie fibers are

also cosets of the corresponding kernel In fact we can show

that we can multiply cosets exactly how we expect

theorem let Gbe a group and k be the kernelof some
homomorphism 4 G It Then the set of left cosets of
H form a group w operation

uk uk Caulk

and this defines the same group as

In particularthis operation is well defined so that if u cUK
and v eVK s.t UK u k and vk v k then v K Cuv K

PI let X Y c 4k and Z XY in 4K We showedalready
that these are left cosets of K

let 11 4 a Y 4 b Then 7 4 ab by definition

We want to showthat the operation defined on cosets givesthe
same result

let x c X and y c Y be arbitrary elts of the fibers so

X xK Y yk
We need to show that Gy K Z i e that xy c Z



4 xy 4614 y ab so ay c Z gK Z

Note that this didn't depend on the representatives we chose
which shows the operation is well defined D

Remark we could've replaced leftcoset w rightcoset in the
Theorem

Ex
c If G is any group and 4 G H is an isomorphism

thenkery L and the fibers of 4 are the singleton subsetsof
G so Gh E G

2 If 4 G l is the trivial homomorphism then KerY G
so is asingle element group i e I

We've now shownhowto define 4K if k is the kernel of
some homomorphism However we showed that you can define
the multiplication in the group w out using thehomomorphism
at all ie ak bk abk This raises a natural question

Question If HEG can we define the quotientgroup
G H

Anywer In general no We will see why soon In fact we'll



show that thegroupoperation on is welldefined if and

only if It is the kernel of a homomorphism We'll soon give
a criterion to determine when H is a kernel

First we'll show that for any subgroup the followingholdsrn

Pep Let NEG The set of left cosets of N in G form
a partition of G

PI For any gcG GEg N since I c N Thus the Union

of coset is all of G

Suppose UN VN WLOG let une UN but not in vN

We want to show UNAVN 0 For the sake of contradiction

assume g c UNA v N then g u a v b

un Uaa b Vba b e v N a contradiction Thus

The cosets form a partition D

Note This means that u and u are in the same coset
F u N u N U uh some new V UEN

Pep let G be a group and NEG



1 The operation on left cosets UN.VN uvN is welldefined
it and only if gng cN for all gc G and all ne N

2 If the aboveoperation is well defined then the Cosets

form a group w identity IN and gov g N

PI 1 First assume it's welldefined i e if uN WN and vNVN

then UVN U'V N

let g c G ne N Then I n c N so Ig N ng N

gg N gng N
N grig N gng c N

Now we prove the converse Assume ghg cN f neN geG

Suppose U U'cUN ie uNu'N and V V'cVN

We need to show U cUVN For some h men we have

U'V um vis UVV m Vh Uv v1mV h

V m v c N hen so UV V mu n c UV N as desired

2 If the operation is well defined we just needto check the
group axioms

For gc G lNgN IGN gN gN IN so IN is the identity



g

gNg N gg N IN g gN g NGN so GN has inverse g N

If a b c cG associativityfollowsfrom associativity on G D

So now we have a condition forwhen GIN is a group More

formally

Def gng is the conjugate of new by g
The set gNg guy theN is the conjugate of N by g

g normalizes N if gNg
t N

A subgroup N E G is hormal if every element of G
normalizes N and we write NIG todenote that N is a
normal subgroupof G

Sometimes it's hard to check gNg N so we can use the

following

Them The following are equivalent

1 NEG
2 GN Ng t gc G
3 gNg EN V geG

PI Clearly 1 3 For the rest see HW 4



Now we showthat normal subgroups are exactly possible kernels
of homomorphisms

Theorie NEG is normal it is the kernel of a

homomorphism

PI If N is the kernel of a homomorphism then we showed

left cosets are the same as right cosets Thus the
above shows NIG

Now assume NIG Then let H GIN and define

4 G GIN by 4 g gN

By the definition of the operation on if g heG

4 gh ghN gNhN 4 g 4 h so this is

a homomorphism and 4cg IN GN INE gen
so kery N D

Ex
1 Any subgroup of an abelian group is normal

since ghg h t g ne G

In fact if NE 2 G then N is normal in G since



every element of N commutes w everyelement of G

2 2 Dg I r so 42 IDs
The coats in Dkny are the two element sets g.gr
so there are 4 of Them i e D z 1 4

Which group of order 4 is it isomorphic to

r2 c v2 so r r 1 2 5 1c v2 so s r2 1 2
i e 2 distinct elements have order 2 so D rz 74

Thus D rz I 72 72

3 let H 123 dSs Is Hess On HW HQS Nsflt S3

12 123 iz 132 c H Thus 12 c Na Hh
iz

we know HENS H ES So Ns H S Hess
013order 3 older6

153 11 2 so 5TH Zz

Ex non normal subgroup let It 121 E Ss

i3 iz i3 23 H Thus Nsfw453 in fact it is justH so

H 53


