Quotiout Jps

Lt G be o goup. Wi've alreody  discissed oue woy to Create
Smaller  growps from G which 1§ by loolt{v\j ot sul,ﬂym?g.

AnoTwe r Weowy i, Ltj loo)dhj ot €1u0+i0m+ Qromps.

\(lca{ motivation’

lt Y G —Hbe a homomovphiom.

Defi 16 he H, he fiber ot Y over b 15 Mo et

{ye6lua=} €6

e, Twe wh of elf/lmm‘\'s ot G Twat Vv\qp o h.

_—

e ‘F\kx.v over (((,a\\J e d CAH T ‘F{bcrs ave Pailrwy,disOOiw}.

Note: Ty umion of tue fbers is al o 6 (sine fov ae6, 9is in
1.2, ho two Hfihevs ivs-l-r.vge_d-) sl QVUMj d-(/vwd{\\- (W\lj \"CS W owe {’IW

That S e fhers of @ fvm g pav\’ihlm & 6.
mzw»ﬁxﬂ(f
So , A each héimly, dinote hu Eher over hby X T

we have a  natural  oberotion on twe fhovs  given by

XX, = Xa,.
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™is s a goup W/ idwhity | o (X,,) =Xq--J mad IS

V\a{'wrau\l, iSolmovac b T fVV\ﬁ:Jt tr'@'@

Thig 15 o ciuoh'mi- 9ioup A G. (\m will e a formal dfinhion
‘moh\

€~X'- Lt f:7*x7-7 be defined Q(‘l,\o)=0g) i.e.
e frst wordinate.

pro'oe, dhtm  ovto

X, X

o Tm X, = L(ab) “"”ZE

o SENCRICONIN
:('”o’ Note, i& (a,b)e X«J (o, l,')c— o

T (o.,b)-k(&’)l,,) =<a+q,3 L”'L))exua’.xkxq'

That S, we Com firt oold chnsW{-a'l'fvzs} whose  fiber is e PVOO\MCJT

of twe Hrir fwo fibew

E“X: Lt'l' h> 2

ong ?n e ujdic jwup ol ordusr l/\.) g,bv\ bb X.

Debive. {7 =22, by arma (heck tnad 916 o howomorphipm)

™Tan v fiber over % g oe 7 s.t. 0= |on +k be 7.
ie. X*n = E &6/7‘ oz k (wmod m\ﬁ,

Taus, twe quoﬁmm‘jmup heve 13 ZAZ.



Bebore we continue, let's Jale o datour T review homo moyphigns

Let ¢ G—H be '/wwovwovphisvw.

Rogi ¢ properties o Q

o Recall twe wne| ol (é i4
ke $os £ ge )01

omnd D imaﬁca—e— (‘( i%
'\W\(f'.: E%(j)lje(ﬂg

From e howework, kuwl €6 ond imy < |

o %(;H s V=N =90Y4 ), % QO) must

:%\mzm i-\t”r\%j he Twe idhm'(’fh).

o ¢ j¢ C\) ('(’(jy( "féﬁ-l},
TEONE0 = Ty )-9(D-1, w €)= ()

® (£ g€, @) -9(q), o netT.

s Bollows by indactim v w2

h=1 s clear. Assume bue G n-I.
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BLQ Twe previous Pmpcv‘hj[ it holds G Nga’ﬂ'm W oas we .



Now we veturn o quotiont Yroups

P_e,f: | et L(,’-CA"H be o hmmowlovlolniim with  eeringd k

_n"-L _fLu.o’riw} § houp GI/K i3 h‘\e, SVWP whose e,lUM-I/V\{'S ale T]M- 'P'I'LJ-CV'S
v v '
0‘4 (-P (OV{,V its EVV\OLJL,)~ [£ Xo_ is e \’:1),4,,, above o Xb 'h,\_(_

J

fiber  abave L) e Xq)(b=x&|°) Twe Bho ubove  ob.

Note: \[\Il/qa ic e ko K owdevamt hee? Kois e fiber ove,
L, % o is Twe idkv\‘h'hd in G’/k (n Fac’r, we'll  see Twat  all
other elts of G/K ave Domclate ' o K.

2.4. i %/ZJ twe kevel was WA, omd twe otmer fibers are of
e Ay et 7.

Move precigely:

Thm: Lt Y:GoH be oo homomovphism w/ kel Ko Wk
X« %% be fu Biber above a. e X =47 () =09¢G | Yp=a}
T e oy we X,  X= fuk|kekd = Thulkek§
(Wote tvat  fx  Wasne B trnng v ar UWe X thlkeK§= L(u\/klkékj‘)
PE e xeX, tum P(x) s a =W

= = $IYE = 4 )

So u'xe |< , | X =U (Ufl 7\\) o XE€ E“L{kek§\
A
w kK

Uovverely, T£ xe \Euk(k@ k}, Tun X =uk, sume kek;



w0 )= PEB): TGl 0, o xeX

Twas X = é}klk‘K%& Simi|ar veosoning  shows Twat it's als
cqual b Lhu|weKE D

We com  dufine sebs o twe fovm ﬁ“\‘l“’ki for wny

sub guoup K < G, not Just  lewnd of howo movphigms :

_Q{;FI | et N <4 , g€ G, Define
j'\):—- Ejh{heN} ovce] [\}j:zihj

lnel\l?sJ

C_al(ul, VCSPLCH\/Lle/ o [eft wset and o ij'/l+ et o4

N i 6\ Avt_tj {,lvw\_u\{- ._,a(— o Oos«d- s o lfcpv-e,s&m{-qﬁ\/(
v e oset.

(14 G s om cddifive quoup, we'll write  §¢N and Ny for Lept
o el ris\nlr cosdrs\

_E_)(_'. l) Fov \,\Z < /2 ) T C,os,g_'\'s ore zOT,‘/Z) l+|nZ) ,__:)Qn—Di-V\ZE
h

2) For WD €Dy e wsek s = Z%,sr, srﬂsﬂ?}.
srird = Zsr, skt S 575 = s>,

In ﬁad‘, we'll we Twat i E l,\ejt\)}‘h/\w\ H\)=jf\)_i.g, anmy

VLPVLSUA{-ach jiV&S 'hAL SO, Cug,d\



We've  Seen twat wlomamts o a quo Fient grovp (ie. \c-l\n{VS\ are
also  osels of T UJVVLSPOI/\vaj kawnel.  (n fack, we com  show
Mot we o multiply osdds exattly how we expect:

Theovem: et G be a group, od K be tue kevned o€ soma
Wowmoimorphigm T G—=H T twe seb of et cosets ot

H fwm a group W/ operation

(uk)-(v K) = (uu)k)

ol Twis defiles Hhae samee Jroup o3 C/K

[h parficular this opwaton is well-dibined $ That if u'e uk
omd Vvievk st- uk=u'k o vk-v'K, Mv\(uv)l(r(u’v’)k,

B‘: Lt XY C'CVK ond € =XT in Q/K We  showed qlre,a_dj
ot Twese are left  wsets of K.

Lt X470 V=47 (). Twm €= 47 (ab), by dufinitam.
We womt o show that  fwe olo«wa‘h'om defined on Cascts 3fv<.§ T

S nguH-

Lt xeX o LjGY be avhitrary clts of T fibars, s
X=2K, Y-yK

We need b show Twab K =2, e twat xye Z.



CCxy) =9 =2k, %o aye € = Gyk- 2.

Note That nis didnt dipeond v T vepresumtotives we choce,

whrch  ¢hows Twe Optvahim s well-defied. D

Remark: We couldye veplacd "left oset" w/ “V‘ljl'\f* wid" o hwe

™Meovemm

Ex:
) '+ G is any grup omd L GH s om isomorphism,

T M =1, o we  fibes R ¥ ave Twe singleton ubstt o
G, » 917G

2) £ Y:a—1 s e brvial l'\mmovvwrlohfg/w.) T \LU,\V-:G,
Y0 G’/(, i$ aSW\T{ 2lemant 3!/1)'1,(‘0/ i_e. |

We've how  Shown how to Jufine G'/K i K is tue kunel of
ot howmomovphism . However, we ghowed That you com define
e mulH plication  in e Goup W/ out using e nomomorphion
at all. i« (ak)(bk)=abk. Twis taivs o natwal queshion:

Queshow: £ HEG, wm we define e quotient group G/y

Answer: In gmaval, noll We will e why  goon. In fact,  we'll




show ot Mjrbup ope-atipn O Q/H is  well-difivad if wmd
(ml\, i R e leernedl of ahmowwpb\(m_ W'l goonw 3!'Ve

a  criterion o dettrmine whaw H (8 o ke,
Firdk we'll thow Twat v onny mbgmup( e \C"um“‘."\j holds:

Pop: Lt N<G. The st ok left cowbs o N in G fovm
o pavfitign A G.

H: For wv\,ﬂ 36—6) 36 JNJ Sin g leN. —nzw.sl TL\L i on
0f wsel i¢ all of G.

Suppose uN +vN. WLOG, let une UN but et in vN.

We wamt b show UNNVN =B For e sake of (,owl'v&dl'CﬁUV\j
Gssume e UNAVN, Dt g=us =Vb

| _ -\ .
= Uuh = ua & l) = \/Laa \36 \/N) o c.cmh—a.dic:hm,\, T\'\usl

e cogets fovwm o parthipn. O

Note: Twis means Twal W omd V. ave T"\-L Some toset

&= U\szl\} = (A:VIAJ sovee el & V_‘UG‘\).

Pﬁf: Lt G he a qroup ond N < G



L) Twe oper-ation o left cosels uN-vN = uyN 5 well- ufined
it owd m"\b i Shj-leN fAr all je& and  all nelN.

23 1€ twe Ohove oP—WCAHmA (s wq_(l—&uﬁ'bu_d, twer, e Coscts
form a gmup, w/ idumtity IN=| ond (3N)—l= 97" N.

P4 "3 Fivst ass ume  it's  we|l-definad. i.e. £ uN=u'N omd uN=v'N

e U N = u' VN,

Ut g€ G, ne Vo Tw hhe N, G lg"'\/fhﬁ-'N
=9V g N
= N - Jnj"[\lfb Jh\o)'(e—[\),

Now we prove 110 Converse . Ascume jhﬂ-le'\f v hGN)Sé(}).
Suppose  Wwu'euN (i uN=u’N) od  V,v'e VN.

We need B ghow  wWy’euvlN. Tovr o n,me N, we have

uv/=@m)vn) =uvvrmvhn = uv (vimv)n.

Vimv eN, nelN, so  uy (vimu)n e V‘VN) os  desired.

2) 16 e opevation s wel-defined, we Just need to dheck M

SVU\A\O axiomws:

For ge¢G, INgN=IgN ~ N <qNI(N, & [N 16 Twe iduntity



ﬂdelN ~ 99" N=IN= g7 g N> 3"[\}3[\)) o IN has inverse 3“N-
& o,b,cey, msociativity hllows from OdSou‘aﬁV\'{-\ﬂ m O 0

Y how V& have a tond (hiow ‘GJV whawn Gl/l\) 5 a 3V‘oup. Move
vavxa(llﬂ’-

Def: jhj“ is T wv\j'uga’ve ot neN by 3.
The Sk 3N3—1= Eju\j"lhet\)} it fwe anx')ugo&e ol N h}jj

34 Ermali?—ﬁ N ¢ j'\lj-'=N.

A %uhjmup N £ G i§ hormal i€ LUy Llomant o G

novmalizes N, avd we write N < G 1o demote fhat Nis a
nov mal mbova o G

PowmetTnaes  (t's hard to dheck j’\)j_\=‘\}/ v We camn U\-S-Q_‘h&k.
-ﬂ)llowiv\ﬁt

M.’ The ‘ﬁ)l[ow(lﬂ Qe LG\uanLuA‘.‘
) N2 G
2) j’\f = NJ \/ j € C\

3) gN9 SN ¥ 3¢ 6.

P Clearly 1) =>3) . For M resh see HwW#4.



Now we show Tat hovmal fubgmups ove exadly possible  kevis
oA homovmavp hicwns .

Theovan.: N6 iz normal & it is e kund b a

‘/\dvvw\movplqim.

‘Ef: € N iy e bevine| & a lnzsvwow\orrgla{wvn’ T we showed
[ef+ Losete ave W game oy I/iﬁb\*" o st "\'\"‘-5, m
above ghows N 96.

Now assume NDG Tan leb H=O  ad define
“G—=9% by Y(9-=3N
By M definition oF Tae opevatin o I, iE g.he G,
G(gh)= ghN = gNhN=LCPI (L), 0 twis i
o homomorphiom, and  (g)=IN& gN=IN geN,

o k9 =N

Ex:
L) Any subgroup of o abeliom Jroup s nov ma \

SiV\C‘Q 5\/\3":1/\ V SJV\.é G\..

[ fack, it \VES ZCG\)J Twnm Nis  hovmal in G sna



ey Llement o€ N ommutes / evny tlomunt 4 G,

2) 2 CD:> = E‘,"ZE , Sv <VL> QD&-
The Cogets fn .Dg/rz> ave Tue two ﬂla(lvu/m'l‘ e s {313";}.)

S0 Tuumre ave Y D'F T\A'VVV\ 1.Q. ID%VL>1=L‘
Which group of order Y is it igomorphic ho?

=l e(r®), s lS<r‘>\=2.
have ovdwr 2, so D%r‘)¢zq-

rr e () ( 1=

|-e. 7 distinet e]emants

D/ﬁ) s ¢

Hw: HaS, & N (W) =S,

3) Lt W={(z))es, s Heg 7 ow

(2Y023) ey = (13 23 e . Mug (12) e l\lC‘(H\~

(tl;)"
Hg N, (H) .
ovder (

o N (W)=S, = Has,.

We  know
1
ovdev ovcic.r 33

ls?'/{-l( =2, se Sy F

X:(nhow -~ hovimal wbgmr) et H=<('?')>4 gs.

_

(1) (12) (13) = (23) ¢ W
Hé<,

Thws N (W¥#S5  (In fadk ibis guat H) ) 5o



